The nuclear-electronic orbital ͑NEO͒ method for the calculation of mixed nuclear-electronic wave functions is presented. Both electronic and nuclear molecular orbitals are expressed as linear combinations of Gaussian basis functions. In the NEO-HF ͑Hartree-Fock͒ method, the energy corresponding to the single-configurational mixed nuclear-electronic wave function is minimized with respect to the molecular orbitals. Multiconfigurational approaches are implemented to include significant correlation effects. In the NEO-CI ͑configuration interaction͒ method, the energy corresponding to the multiconfigurational mixed nuclear-electronic wave function is minimized with respect to the CI coefficients. In the NEO-MCSCF ͑multiconfigurational self-consistent-field͒ method, the energy is minimized with respect to the molecular orbitals as well as the CI coefficients. Analytic gradient expressions are presented for NEO-HF and NEO-MCSCF. These analytic gradients allow the variational optimization of the centers of the nuclear basis functions. They also enable the location and characterization of geometry stationary points and the generation of minimum energy paths and dynamic reaction paths. The advantages of the NEO approach are that nuclear quantum effects are incorporated during the electronic structure calculation, the Born-Oppenheimer separation of electrons and nuclei is avoided, excited vibrational-electronic states may be calculated, and its accuracy may be improved systematically. Initial applications are presented to illustrate the computational feasibility and accuracy of this approach.
I. INTRODUCTION
Nuclear quantum effects, such as zero point energy, nuclear tunneling, and vibrational excitations, play an important role in a wide range of chemical reactions. Traditionally, nuclear quantum effects have been neglected in methods based on ab initio molecular orbital theory and density functional theory. These electronic structure methods have been used to determine the structures and relative energies of reactants, products, intermediates, and transition states. In addition, substantial information has been obtained through the generation of minimum energy paths, 1, 2 in which the path of steepest descent in mass-weighted Cartesian coordinates is followed from the transition state to the reactant and product. Electronic structure methods have also been utilized in conjunction with classical molecular dynamics simulations. For example, direct dynamics, 3 Car-Parrinello, 4 and density matrix propagation 5 methods have been used to study the dynamics of classical nuclei on a potential energy surface calculated ''on the fly'' with computations based on ab initio molecular orbital theory or density functional theory.
Several approaches have been used to include nuclear quantum effects in studies of chemical reaction paths obtained from electronic structure calculations. Zero point energy is typically calculated with a harmonic approximation, where the frequencies are obtained by diagonalization of the Hessian matrix ͑i.e., second derivative matrix͒. Tunneling effects are often determined with the Bell tunneling correction, 6 which was derived by approximating the barrier as a truncated parabola. Tunneling effects have also been determined through the calculation of semiclassical tunneling corrections based on the minimum energy path. 7 More recently, nuclear quantum effects have been investigated with the numerical grid-based calculation of vibrational wave functions for geometry configurations along the reaction path. 8 In all of these approaches, the nuclear quantum effects are calculated as corrections applied after the generation of the minimum energy path or straight-line path. A variety of approaches have also been developed to include nuclear quantum effects in time-dependent simulations. Path integral methods have been used to treat nuclei quantum mechanically with potential energy surfaces derived from computations based on ab initio molecular orbital theory and density functional theory. 9 In the time-dependent electronic nuclear dynamics 10, 11 and multiple spawning 12 methods, a wave packet description of all nuclei is combined with a quantum mechanical treatment of all electrons. Semiclassical treatments of nuclei have also been used to study time-dependent processes. 13, 14 Numerical grid-based methods have been used to calculate nuclear vibrational wave functions in mixed quantum/classical molecular dynamics simulations, where only a small number of nuclei are treated quantum mechanically. 15, 16 Note that these dynamical methods involve the solution of the nuclear time-dependent a͒ Schrödinger equation for potential energy surfaces derived from electronic structure calculations.
The aim of the NEO ͑nuclear-electronic orbital͒ approach presented in this paper is the solution of the mixed nuclear-electronic time-independent Schrödinger equation. In the NEO approach, a mixed nuclear-electronic wave function is calculated with molecular orbital methods. Both electronic and nuclear molecular orbitals are expressed as linear combinations of Gaussian basis functions, and the variational method is utilized to minimize the energy with respect to the mixed nuclear-electronic wave function. This approach is related to previous work by Tachikawa and co-workers, [17] [18] [19] but they used only small nuclear basis sets with singleconfigurational wave functions. As will be shown below, such a limited basis set and single-configurational wave functions are not adequate for describing many chemical reactions, particularly those involving hydrogen transfer, and are limited to the calculation of only ground vibrational and electronic states. [20] [21] [22] In the NEO approach presented here, the nuclear basis set is comprised of s-type, p-type, and d-type Gaussian basis functions, and correlation among electrons and nuclei is included with multiconfigurational wave functions. A multiconfigurational self-consistent-field ͑MC-SCF͒ method is proposed to minimize the total energy with respect to the configuration interaction coefficients, the electronic and nuclear molecular orbital coefficients, and the centers of the nuclear basis functions. This method includes electron-electron, nuclear-nuclear, and electron-nuclear nondynamical correlation. Thus, the NEO-MCSCF approach accurately describes chemical reactions, as well as excited vibrational-electronic states.
The NEO approach may be used to calculate structures, energies, minimum energy paths, and direct dynamics for chemical reactions. This approach is particularly useful for systems in which only a subset of the nuclei must be treated quantum mechanically. The specified quantum nuclei are treated on the same level as the electrons, and properties of the system are averaged over the mixed nuclear-electronic wave function. Structures are optimized with respect to only the classical nuclei, and the reaction coordinate along the minimum energy path is comprised of only classical nuclei. Similarly, for dynamical calculations the potential energy surface depends explicitly on only the classical nuclei.
The NEO approach is particularly useful for the description of hydrogen transfer reactions. When the transferring hydrogen nucleus is treated quantum mechanically within the NEO framework, the reaction coordinate of the minimum energy path depends explicitly on only the classical nuclei. ͑This is analogous to Marcus theory for electron transfer reactions. 23 ͒ The minimum energy path includes nuclear quantum effects such as zero point energy and hydrogen tunneling. This approach maintains the conceptual picture of a reaction path, while eliminating the difficulties associated with large curvature of the reaction path for the transfer of light nuclei. 24 A similar advantage is found for dynamical simulations of hydrogen transfer reactions within the NEO framework.
The NEO approach possesses many advantageous attributes. One particularly important strength of the NEO approach is that the nuclear quantum effects are incorporated during the electronic structure calculation, rather than subsequently calculated as a correction factor. In addition, the NEO approach does not invoke the Born-Oppenheimer separation of the electrons and the quantum nuclei. In the multiconfigurational NEO approach, excited vibrational-electronic states may be calculated, and nonadiabatic effects may be included in dynamical calculations. Finally, the NEO approach is computationally practical for a wide range of chemical reactions, and its accuracy may be improved systematically through increased basis set size and inclusion of additional correlation with larger numbers of configurations and extended methodology.
An outline of this paper is as follows. Section II presents the fundamental theoretical formulation for the NEO approach. This section includes the derivation of the equations required for the implementation of the NEO-HF ͑Hartee-Fock͒, NEO-CI ͑configuration interaction͒, and NEO-MCSCF methods, the development of a nuclear basis set, and the calculation of gradients and Hessians for the NEO-HF and NEO-MCSCF methods. Section III presents initial applications of the NEO method to illustrate the feasibility and accuracy of this approach. Concluding remarks and a discussion of future directions are contained in Sec. IV.
II. THEORY
In the NEO approach, the system is divided into three parts: N e electrons, N p quantum nuclei, and N c classical nuclei. The equations presented in this paper are derived for fermionic quantum nuclei, but the extension to bosons is straightforward. The total Hamiltonian operator for the quantum subsystem includes the kinetic energy operators for the electrons and quantum nuclei, as well as the various potential energy operators:
Here the unprimed indices i, j refer to electrons, the primed indices iЈ,jЈ refer to quantum nuclei, and the indices A, B refer to classical nuclei. The masses, charges, and distances, respectively, are denoted by M, Z, and r with the appropriate subscripts. Note that the Coulomb interactions between pairs of classical nuclei are not included in this expression since they do not affect the calculation of the quantum wave function. Defining one-particle terms as
the total Hamiltonian may be expressed as
A. NEO-HF At the Hartree-Fock level the total nuclear-electronic wave function can be approximated as a product of single configurational electronic and nuclear wave functions: 
where i e denote spin orbitals for the electrons and i Ј p denote spin orbitals for the quantum nuclei. The two-electron integrals are defined as
where x indicates both the spatial and spin coordinates. The other two-particle integrals are defined analogously. ͓For notational simplicity, the spatial and spin coordinates are not explicitly included in equations such as Eq. ͑7͒.͔ The total energy expression for a restricted Hartree-Fock ͑RHF͒ treatment of the electrons and a high-spin open-shell treatment of the quantum nuclei is given by
where the integrals are defined as
and analogously for two-particle integrals involving the quantum nuclei. Here the spatial molecular orbitals for the electrons are denoted i e and the spatial molecular orbitals for the quantum nuclei are denoted i Ј p .
We have derived Hartree-Fock equations using the standard variation method to minimize the energy in Eq. ͑8͒ with respect to both the electronic and nuclear molecular orbitals. The Hartree-Fock equations for the electrons are
and the Hartree-Fock equations for the quantum nuclei are
͑15͒
where J and K are the Coulomb and the exchange operators, respectively, defined as
for electrons and analogously for the quantum nuclei. The spatial orbitals for the electrons and the quantum nuclei are expanded in Gaussian basis sets ͑where there are N b f e electronic basis functions and N b f p nuclear basis functions͒:
͑Here the unprimed indices ,,, refer to electronic basis functions, and the primed indices refer to nuclear basis functions.͒ This leads to the Hartree-Fock-Roothaan equations
where the Fock matrix elements are defined as
and the overlap matrix elements are defined as
The Fock matrix elements may be expressed as
where the density matrix elements are defined as
and the standard one-particle and two-particle parts are defined as
͑33͒
The form of the Fock matrix elements in Eqs. ͑26͒ and ͑27͒ clearly illustrates that the electronic and nuclear Fock equations are coupled to each other. Specifically, the electronic Fock matrix depends on the electronic density matrix through the second term and on the nuclear density matrix through the last term, while the nuclear Fock matrix depends on the nuclear density matrix through the second term and on the electronic density matrix through the last term.
The electronic and nuclear Hartree-Fock-Roothaan equations can be solved iteratively to self-consistency utilizing convergence accelerators previously developed for electronic structure theory. 25 In our calculations, the nuclear Fock equations are fully converged after each step in the iterative procedure for the solution of the electronic Fock equations. Other iterative schemes are possible and may be more efficient for different types of systems. Analogous equations may be derived in the same manner for a restricted openshell Hartree-Fock ͑ROHF͒ or unrestricted Hartree-Fock ͑UHF͒ treatment of the electrons. A low-spin treatment of two quantum nuclei ͑i.e., open shell singlet coupled nuclei͒ can be formulated in a straightforward manner. A general treatment of low-spin quantum nuclei requires a CI approach.
B. NEO-CI
A CI wave function 26 -28 has the form
where ⌽ I e (r e ) and ⌽ I Ј p (r p ) are determinants of spin orbitals representing the electrons and quantum nuclei, respectively, and C II Ј are CI coefficients. Here there are N CI e electronic determinants and N CI p quantum nuclear determinants, leading to a total of N CI ϭN CI e *N CI p nuclear-electronic configurations. The total CI energy is
Combining the indices I and IЈ into a single index denoted (IIЈ) and the indices J and JЈ into a single index denoted (JJЈ) gives
Here the matrix elements of the CI Hamiltonian are defined as
where the
are the coupling coefficients between configurations and molecular orbitals ͑MO's͒ 29, 30 and are defined according to
where the spatial shift operators Ê i j and Ê i Ј j Ј are defined in terms of ␣ and ␤ spin creation and annihilation operators:
N e MO and N p MO are the numbers of electronic and nuclear MO's, respectively, in the configuration space. The general expression for the total energy may then be written as
where the density matrices are defined as
For the NEO-CI method, the variational method is used to minimize the total energy with respect to the CI coefficients C (II Ј ) . This procedure leads to the following CI secular equation:
The CI coefficients and corresponding vibrational-electronic ground and excited state energies may be determined by diagonalization of the CI Hamiltonian. This NEO-CI method allows any choice of multiplicity for both electrons and fermionic nuclei, thereby facilitating the study of different nuclear and electronic spin states.
C. NEO-MCSCF
In this subsection we present the NEO-MCSCF methodology, in which the energy is minimized with respect to the electronic and nuclear molecular orbitals as well as the CI coefficients. [31] [32] [33] All possible CI configurations that result from the chosen electronic and nuclear active spaces are included in an analogous manner to the existing electronic structure method CASSCF ͑complete active space SCF͒, 34 also known as FORS-MCSCF ͑fully optimized reaction space MCSCF͒. [35] [36] [37] Accordingly, our MCSCF extension of the NEO method is denoted NEO-CASSCF ͑or NEO-FORS-MCSCF͒.
Our implementation is based on the approximate second order quasi-Newton method for the orbital optimization. 38 In this method, an exponential transformation is used to obtain an energy expression that depends on orbital rotational coordinates. 39 The first and second derivatives of the energy with respect to these orbital rotational coordinates may be-calculated exactly; however, the calculation of the exact orbital second derivative is expensive computationally. The approximate second-order method requires the orbital first derivatives and only selected terms from the diagonal elements of the orbital Hessian ͑i.e., second-derivative matrix͒. This approach reduces computational cost and has been used successfully for electronic structure calculations. 38 An alternative approach is the Newton-Raphson 40,41 orbital improvement method, which requires the exact orbital Hessian. While computationally more expensive than the quasiNewton method, the Newton-Raphson method converges faster and therefore will be implemented in the future for cases that are difficult to converge.
In the MCSCF approach, typically an active space is defined and the molecular orbitals are then characterized as core, active, and virtual orbitals. Core orbitals are constrained to have constant occupation in all configurations, virtual orbitals remain unoccupied in all configurations, and the occupation of active orbitals depends on each particular configuration. Here, as usual, electronic cores are doubly occupied in all configurations. In addition, due to the potential reduction in computational cost resulting from the exclusion of some quantum nuclei from the nuclear active space, we may define core nuclear orbitals. The NEO-MCSCF equations given below are valid for two different cases with respect to the nuclear orbitals. In the first case, the core nuclear orbitals are all singly occupied, and all core and active nuclei have the same spin. In the second case, no core nuclear orbitals are defined ͑i.e., N p core ϭ0), and the active nuclei may have any spin multiplicity. The total energy given in Eq. ͑44͒ may be written in terms of the core and active electronic and nuclear orbitals as follows: 
Here the notation for the various types of orbitals is as follows: the core orbitals are denoted p,q,r,s, the active orbitals are denoted t,u,v,w, and the virtual orbitals are denoted a,b,c,d. The electronic orbital indices are unprimed, and the nuclear orbital indices are primed. The orbitals are expanded in terms of the orbital rotational coordinates x i j and x i Ј j Ј for electrons and quantum nuclei, respectively. 39 To simplify the expressions for the orbital gradients and Hessians, we define the following electronic and nuclear Fock-type matrices: 
The components of the orbital gradient corresponding to core-virtual, active-virtual, and core-active rotations, 
The components of the orbital gradient corresponding to core-virtual, active-virtual, and core-active rotations, respectively, for the quantum nuclei are
The diagonal orbital Hessian elements corresponding to core-virtual, active-virtual, and core-active rotations, respectively, for the electrons are 
The diagonal orbital Hessian elements corresponding to core-virtual, active-virtual, and core-active rotations, respectively, for the quantum nuclei are
Given these expressions, the procedure for optimizing the MO's is analogous to that described in Ref. 38 for electronic structure MCSCF calculations. We emphasize that these NEO-MCSCF equations are valid only for the following situations: ͑1͒ the core and active nuclei all have the same spin or ͑2͒ no core nuclear orbitals are defined and the system may have any spin multiplicity. The situation with both core nuclear orbitals and arbitrarily chosen spin multiplicity is complex and will be addressed in future work.
D. Gradients
We have derived the expressions for the energy gradients with respect to the nuclear coordinates for the NEO-HF and NEO-MCSCF energies using well-established electronic structure derivative theory techniques. 42 The gradient for NEO-HF in the atomic orbital basis is
where R n is the nuclear coordinate ͑or coordinate of the center of the nuclear basis function͒ and the energy-weighted density matrix is defined by
All other quantities in this expression are defined in Sec. II A. In particular, i e and i Ј p are the molecular orbital energies defined in Eqs. ͑12͒ and ͑14͒, respectively. The energy gradient with respect to nuclear coordinates for NEO-MCSCF in the atomic orbital basis is
where the density matrices in the atomic orbital basis are
and the Lagrangian matrices are defined by
Note that these same Lagrangian matrix elements may also be used to construct the orbital gradients for the NEO-MCSCF orbital improvement step. NEO analytical energy gradients may be used for two different types of optimizations. First, the gradients with respect to the nuclear basis function centers may be used to find their lowest-energy positions: the energy with the nuclear basis functions at their optimal positions corresponds to a NEO single-point energy. Second, the gradients with respect to the classical nuclei may be used to optimize the geometry of the classical nuclei. These two types of optimizations may be performed simultaneously to find geometry stationary points on potential energy surfaces. Alternatively, the centers of the nuclear basis functions may be fully optimized ͑i.e., a NEO single-point energy calculation͒ after each classical geometry step until a geometry stationary point is located. We have implemented both optimization schemes for NEO-HF in the GAMESS electronic structure program. 43 Given analytic gradients, the numerical calculation of the Hessian matrix is straightforward. The Hessian matrix allows the calculation of harmonic vibrational frequencies involving motion of classical nuclei. In addition, the gradients and second derivatives allow the location of transition states, the generation of minimum energy paths, and direct dynamics calculations. These types of calculations will be presented in future work.
E. Nuclear basis set
We have developed an initial basis set for hydrogen nuclei. We used an uncontracted Gaussian basis set including two each of s-, p-, and d-type Gaussians, resulting in a total of 20 nuclear basis functions per hydrogen. In order to obtain the exponents for this basis set, we minimized the energies of a representative set of molecules by varying both the MO coefficients and the exponents. The MO coefficients were determined by the linear variation method, and the exponents were determined using Powell's nongradient method. 44 The resulting exponents for the representative set of molecules were averaged to give a set of six exponents for the six different types of Gaussian primitives included in the hydrogen basis set.
The representative set of molecules used to develop this initial basis set was comprised of five simple diatomic molecules: LiH, BeH Ϫ , BH, OH ϩ , and HF. Larger molecular systems will be added to this set of diatomics in future work. All of these diatomics contain only one hydrogen atom, which was treated quantum mechanically. The center of the nuclear basis function was fixed at the position determined from a standard geometry optimization of the diatomic at the RHF level using the 6-31G(d,p) electronic basis set. [45] [46] [47] [48] We devised a well-defined sequential strategy for determining the exponents to avoid convergence problems arising when all exponents are varied simultaneously. This strategy is based on our observation that the MO for the ground nuclear state ͑labeled as the first nuclear state͒ is comprised predominantly of s-type basis functions, the second nuclear state is comprised predominately of p-type basis functions, and the lowest state for which the MO is comprised predominately of d-type basis functions is the sixth nuclear state. The procedure for determining the exponents is as follows. First the exponents for the s-type Gaussians were optimized to minimize the energy of the ground nuclear state. ͑First one exponent was optimized, and then the other exponent was optimized, while the first exponent was fixed, and then both exponents were optimized simultaneously.͒ Next the exponents for the p-type Gaussians were optimized simultaneously to minimize the energy of the second nuclear state, while keeping the exponents of the s-type Gaussians fixed. Finally, the exponents for the d-type Gaussians were optimized simultaneously to minimize the energy of the sixth nuclear state, while keeping the exponents of the s-type and p-type Gaussians fixed. Table I gives the optimized exponents for each of the diatomic molecules and the average values for these exponents. The energies of all of the diatomic molecules are given for the optimized exponents and for the average exponents. We found that the energy of the ground state of each structure does not change significantly when we used the averaged exponents rather than the exponents optimized for the specific molecule. This indicates that the basis set is quite robust. We denote the basis set determined in the way de-scribed above as the double-s, p, d nuclear ͑DZSPDN͒ basis set.
We emphasize that this basis set represents only a starting point for NEO calculations. More complete basis sets will be developed in the future. Furthermore, as discussed in the previous subsection, the centers of the nuclear basis functions may be varied to minimize the total energy during the NEO calculations. All basis functions within a single DZSPDN basis set corresponding to a specific nucleus have the same center. In some cases, however, two DZSPDN basis sets with different centers may be used to represent a single nucleus to allow greater flexibility.
III. APPLICATIONS
We have incorporated the NEO approach into the GAMESS electronic structure program. 43 This section presents initial applications to small molecules to illustrate the computational feasibility and accuracy of these methods. Additional applications to larger systems will be presented in the future.
We have applied the NEO-HF method to the protonated water dimer H 5 O 2 ϩ . We used the 6-31G(d, p) ͑Refs. 45-48͒ electronic basis set and the DZSPDN proton basis set described above. All five hydrogen nuclei were treated quantum mechanically with high spin. The centers of the nuclear basis functions were optimized at each geometry during the optimization of the classical nuclei. The RHF minimum was found to have C s symmetry, as determined previously by Schaefer and coworkers. 49 ͑Note that Xie and co-workers found that the global minimum has C 2 symmetry for higher levels of theory including electron correlation. 49 ͒ For generality, we performed both the RHF and NEO-HF optimizations with C 1 symmetry. The NEO-HF minimum was found to have nearly C 2 symmetry. The distance between the two oxygen atoms in the optimized NEO-HF structure is 2.3933 Å ͑compared to 2.3941 Å when the hydrogen nuclei are treated classically at the Hartree-Fock level͒. Figure 1 depicts the hydrogen molecular orbitals for the NEO-HF stationary point.
We have also applied the NEO-HF and NEO-CI methods to the H 2 and HF molecules. We used the 6-31G(p) and 6-31G(d,p) electronic basis sets [45] [46] [47] [48] for H 2 and HF, respectively, and the DZSPDN proton basis set for both molecules. For H 2 , all 40 nuclear MO's were included in the nuclear active space ͑2 protons, 40 orbitals͒, and two electronic MO's ͑i.e., the occupied bonding orbital and the lowest modified virtual orbital 50 which corresponds to a * orbital͒ were included in the electronic active space ͑2 electrons, 2 orbitals͒. For HF, all 20 nuclear MO's for hydrogen were included in the nuclear active space ͑1 proton, 20 orbitals͒, and 16 electronic MO's ͑i.e., the occupied bonding orbital and 15 modified virtual orbitals͒ were included in the active space ͑2 electrons, 16 orbitals͒. The centers of the nuclear . Selected bonds are drawn for purposes of illustration. The figure was generated with MAC MOL PLOT ͑Ref. 61͒. basis functions were optimized with the NEO-HF method. Since our goal was to calculate vibrational-electronic states, this optimization was performed in only one dimension ͑i.e., the rotational states were not calculated͒. Table II presents the bond lengths and the energy splittings between the ground and first excited vibrationalelectronic states for these diatomic molecules. The bond lengths at the NEO-HF level are calculated two different ways: ͑1͒ according to the optimized basis function center͑s͒ and ͑2͒ according to the expectation value͑s͒ of the proton coordinate with respect to the proton MO's. Note that the expectation values in the second method depend on the proton MO's and hence are not invariant to unitary transformations of these MO's. In general, localized proton MO's are the most appropriate for calculating these expectation values. Typically the canonical proton MO's are well localized, but in a highly symmetric molecule such as H 2 a unitary transformation may be required to ensure localized proton MO's. The vibrational energy splittings are calculated with the NEO-CI method for the NEO-HF optimized geometries. As indicated in Table II , the calculated values of the energy splittings are in excellent agreement with the experimental values. ͑Given the moderate size of the basis sets employed, this agreement may be somewhat fortuitous.͒
To illustrate the application of the NEO approach to proton transfer reactions, we have applied the NEO-HF and NEO-CI methods to malonaldehyde. The initial structure for malonaldehyde was chosen to be the C 2v transition state structure at the Hartree-Fock level with the 6-31G(d,p) electronic basis set. Although the Hartree-Fock level is known to be inadequate for a quantitatively accurate description of malonaldehyde, 12 it is sufficient for illustrative purposes. For the NEO calculations, only the transferring hydrogen nucleus was treated quantum mechanically. This nucleus was represented by two complete sets of DZSPDN proton basis functions with two different centers. The positions of these two proton basis function centers were not optimized but rather were placed at the same bond distance and angle as that found in the minimum energy C s structure. Figure 2 depicts the hydrogen MO's for the ground state and first excited vibrational state obtained from the NEO-HF calculation.
For the case of malonaldehyde, a multiconfigurational approach is required to accurately describe the bilobal character of the vibrational wave functions and the tunnel splitting. For the NEO-CI calculations, 20 nuclear MO's were included in the nuclear active space ͑1 proton, 20 orbitals͒, and 4 electronic MO's were included in the electronic active space ͑4 electrons, 4 orbitals͒. The splitting between the ground state and first excited vibrational-electronic state obtained from the NEO-CI calculation is 89 cm Ϫ1 , which is somewhat larger than the experimentally determined tunnel splitting of 21.6 cm Ϫ1 for malonaldehyde. 51, 52 The relevant structure for tunneling, however, is expected to have a larger proton donor-acceptor distance than the transition state O-O distance of 2.32 Å. Thus, we obtained another structure by fixing the O-O distance to 2.37 Å and performing an RHF/6-31G(d,p) optimization of the remaining degrees of freedom with C 2v symmetry. In this case, the splitting between the ground state and first excited vibrational-electronic state obtained from the NEO-CI calculation is 22 cm Ϫ1 , which agrees with the experimental tunnel splitting. Note that these calculations are not quantitatively meaningful since the structure is not accurate, the nuclear basis function centers are not optimized, and the other vibrational modes are neglected. The aim of these calculations is merely to indicate the promising potential of the NEO approach for describing proton transfer reactions. In the future, the splittings between the vibrational-electronic states will be determined for a transition state optimized with the NEO-MCSCF method, as well as for configurations along the NEO-MCSCF minimum energy path.
IV. CONCLUSIONS
This paper presents the nuclear-electronic orbital approach for including nuclear quantum effects in electronic structure calculations. In the NEO approach, all electrons and specified nuclei are treated quantum mechanically with molecular orbital methods. Both electronic and nuclear molecular orbitals are expressed as linear combinations of Gaussian basis functions. The energy is minimized with respect to the mixed nuclear-electronic wave function using techniques previously developed for electronic structure calculations. The NEO approach may be used to calculate structures, energies, minimum energy paths, and direct dynamics for chemical reactions. The advantages of the NEO approach over other techniques designed to account for nuclear quantum effects are that ͑1͒ nuclear quantum effects are incorporated during the electronic structure calculation, ͑2͒ the Born-Oppenheimer separation of electrons and nuclei is avoided, ͑3͒ any desired electronic or nuclear multiplicity may be selected and vibrational-electronic ground and excited states may be calculated, and ͑4͒ the accuracy may be improved systematically through larger basis sets and inclusion of additional correlation with more configurations or extended methodology.
We have derived the equations required for the implementation of different types of NEO calculations. In the NEO-HF method, the mixed nuclear-electronic wave function is a single product of electronic and nuclear determinants of spin orbitals, and the energy is minimized with respect to both the electronic and nuclear molecular orbitals. The Hartree-Fock-Roothaan equations and the associated Fock matrix elements for the electrons and quantum nuclei are given in Sec. II A. In the NEO-CI method, the mixed nuclear-electronic wave function is a linear combination of products of electronic and nuclear determinants of spin orbitals, and the energy is minimized with respect to the CI coefficients. The CI secular equation and the associated matrix elements of the CI Hamiltonian are given in Sec. II B. In the NEO-MCSCF methodology, the mixed nuclear-electronic wave function is a linear combination of products of electronic and nuclear determinants of spin orbitals, and the energy is minimized with respect to the electronic and nuclear molecular orbitals as well as the CI coefficients. The equations required for the approximate second-order quasiNewton method for the orbital optimization are given in Sec. II C. For all of these methods, the gradients with respect to the nuclear coordinates are required for the optimization of the centers of the nuclear basis functions and for the optimization of the overall geometries. The analytic gradients are given for the NEO-HF and NEO-MCSCF methods in Sec. II D. This paper also presents the development of a nuclear basis set. Applications to H 2 , HF, H 5 O 2 ϩ , and malonaldehyde illustrate the computational feasibility and accuracy of the NEO approach. The extension of this approach to bosons is straightforward; in this case, the NEO equations will differ by the signs of the nuclear exchange terms.
The NEO approach may be combined with other types of electronic structure calculations. For example, the NEO approach may be combined with coupled cluster or perturbation methods. In particular, the NEO-MCSCF method could be extended by applying second-order perturbation theory to a NEO-CASSCF reference function analogously to the existing electronic structure methods CASPT2 ͑Refs. 53 and 54͒ and MCQDPT ͑Refs. 55 and 56͒. Another possible extension is the multireference CI ͑MR-CI͒ approach, 57 where single and double CI excitations would be performed out of a NEO-CASSCF reference space. A nuclear-electronic approach has recently been used in the framework of density functional theory for H 2 ϩ . 58 Note that the NEO-DFT method requires only minor modification of our current code, but the development of exchange-correlation functionals for the nuclei represents a more challenging task. The NEO approach may also be used in conjunction with mixed quantum mechanical and molecular mechanical ͑QM-MM͒ methods. Furthermore, dynamical calculations based on the NEO approach may be combined with surface hopping methods 59, 60 to include electronically and vibrationally nonadiabatic effects. To facilitate the practical application of the NEO approach to larger systems or to dynamical calculations, parallel algorithms implementing the NEO methodology described in this paper will be developed.
The NEO approach is applicable to a wide range of chemical and biological systems. It is particularly useful for the description of hydrogen transfer reactions because nuclear quantum effects such as zero point energy and hydrogen tunneling are significant. A minimum energy path generated with the NEO approach avoids the difficulties associated with a large curvature of the reaction path for the transfer of light nuclei. Thus, the NEO approach will aid in the elucidation of the mechanisms of proton and hydride transfer reactions throughout chemistry and biology.
